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1 Introduction 

Let X be a smooth complex projective n-fold and L a big line bundle on X, 
that is, having maximal Kodaira dimension: k(X, L) = n. After Fujita, the 
volume v(L) = v(X, L) is 



v(X,L) = limsup — h°(X, O x {kL)). 

k— >oo n 



If L is ample, or more generally nef and big, v(L) = (L n ), the self-intersection 
number of L. The volume of a general big line bundle has been studied in 
and |PEL|| ; in particular, v(L) has been given the following geometric 



interpretation (Proposition 3.6 of |PEL| ): Let (kL) n be the moving self- 
intersection number of kL, that is, the number of intersection points away 
from the base locus of n general divisors in the linear series \kL\. Then 

v{L) = limsup . 

Suppose now that a finite group G acts holomorphically on X, and that the 
action linearizes to L. Let V\, . . . , V c be the irreducible linear representations 
of G. For every k, we have an induced linear action of G on the space of global 
sections H°(X,L® k ), and therefore an essentially unique decomposition 



H°{X,L® k ) = 0i7°(X,L 5 



i=l 
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where each summand Hi(X,L® k ) is G-equivariantly isomorphic to a direct 
sum of copies of V*. For each i, set h®(X,L® k ) = dimH®(X, L® k ) and then 
define the z-th equivariant volume of L as 

v i (X,L)=]imsu I >-h°(X,L® k ). (2) 

Here we shall study the volumes Vi(L) and show, in particular, that 

Theorem 1. In the above situation, suppose in addition that the action of 
G on X is faithful. Then for every i — 1, . . . , c we have 

Vi{L) = — j^j — v{L). 

For the trivial representation this has also been observed by Ein and Lazars- 
feld. Furthermore, if L is ample Theorem [I] follows from algebraic results 
of Howe |Hj; more generally, if L is big and numerically effective (that is, 
L ■ C > for every projective curve C C X) an algebro-geometric proof 
can be given applying the Riemann-Roch theorem on the quotient orbifold 
X/G (I am endebted to M. Brion and J.-P. Demailly for pointing out these 
approaches to me). Here we follow however a different path, based first on an 
asymptotic estimate of the equivariant Szego kernels in the positive case (see 
below for a precise definition), and next on an equivariant version of Fujita's 
approximation theorem to extend the result to arbitrary big line bundles. 
This has the following advantages: First, as we explain below, this approach 
applies very naturally to the context of almost complex quantization of com- 
pact symplectic manifolds. Secondly, in the ample case, it yields the lower 
order terms of the expansion of h®(X, L® k ) in decreasing powers of k (Theo- 
rem |^), in terms of the asymptotic expansion of the total Szego kernel, and 
under suitable assumptions on the dimension of the locus of points having 
non-trivial stabilizer. 

As hinted above, we can consider similarly defined invariants in the 
broader context of almost complex quantization. Namely, let (X, uj) be a 
compact symplectic manifold with ^-[uj] G H 2 (X, Z), and let J be an almost 
complex structure on X compatible with u. The pair (uj, J) fixes an Hermi- 
tian, hence a Riemannian, structure on X. Furthermore, by the integrality 
assumption on u, there exists an hermitian line bundle L on X, having a 
unitary connection V L of curvature — 2niu;. Let H(X,L® k ) C C°°(X, L® k ) 
be the subspace of the space of smooth global sections of L® k introduced 
by Guillemin and Uribe in | G U|| , in terms of the asymptotic spectral prop- 



erties of a certain renormalized Laplacian operator; when J is integral, uj a 
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Hodge form on X, L an ample holomorphic line bundle, and Vl the unique 
unitary connection compatible with the holomorphic structure, H(X, L® k ) is 
the usual space of holomorphic section of L® k . The dimension of H(X, L® fc ) 
is always given, for k ^ 0, by the Riemann-Roch formula, and the projective 
embeddings defined by the linear series \H(X, L® k )\ have a good asymptotic 
behaviour |BTJ, fSZf. 



Suppose now that the finite group G acts faithfully on X as a group 
of symplectomorphisms. We may choose in the above a G-invariant com- 
patible almost complex structure J, and then all the construction can be 
made equivariantly. Thus G acts linearly on H(X,L® k ), and there is a 
direct sum decomposition as in (H): H(X,L® k ) = ®iHi(X,L® k ). Setting 
h{X,L® k ) = dimH(X,L® k ), hi(X,L® k ) = dimi^X, the i-th volume 

of L is then defined as in (|): Vi(L) = \imsup k ^ +OQ ^hi(X, L^ k ). As ex- 
plained in Remark |2], the proof of the following Theorem is essentially the 
same as the proof of Theorem ^ below. 

Theorem 2. Let (X,u) be a compact 2n- dimensional symplectic manifold 
with j-[co] an integral cohomology class. Choose L, J and V as described 
above. Suppose that the finite group G acts faithfully as a group of symplec- 
tomorphisms on X , J is G -invariant, and the action linearizes to L. Then 

Let us now dwell on the lower order terms of the expansion of the dimen- 
sion of the covariant factors Hf(X,L® k ), in the case where X is a complex 
projective manifold and L is ample. In the hypothesis of Theorem [I], let 
V'Clbe the locus of points with non-trivial stabilizer. Then V is a union 
of complex submanifolds of M; let c be its complex codimension. 

Theorem 3. In the hypothesis of Theorem 0, and with the above notation, 
assume in addition that L is ample. Suppose s is an integer with < s < n—1 
and Os. Then 

ti^X, L® k ) - dim ^\ °(X, L® k ) = o(k n - s ) for every i = 1, . . . , c. 

IfV — 0, i.e., the action of G on X is free, then 

ti&X, L® k ) = dim ^\ °(X, L® k ) for every i = 1, . . . , c and k > 0. 
\G 
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In particular, if c > s we may compute the first s terms in the asymptotic 
expansion of Hf(X,L® k ) by integrating the first s terms in the asymptotic 
expansion of the Szego kernel of L restricted to the diagonal (see below). 
In the projective case the first terms of this expansion have been explicitly 
computed by Lu flj. 

Notation. We shall occasionally loosely shift from multiplicative to additive 
notation for line bundles. Furthermore, we shall generally identify without 
warning an invertible sheaf with the associated line bundle. 
Acknowledgements I am grateful to M. Brion, J. -P. Demailly and S. 
Zelditch for many interesting remarks. 

2 Proofs. 

To fix ideas, we focus on the complex projective case; the general almost 
complex case is discussed in Remark ||. To ease the exposition, in the follow- 
ing by a G-line bundle we shall mean a line bundle on X to which the action 
of G linearizes. 

Remark 1. If D is a G-invariant divisor on X (not necessarily effective), 
then Ox{D) is a G-line bundle. In particular, for any line bundle H on X, 
§Q geG g*H is a G-line bundle in a natural manner, (very) ample if so is H. 

Before dealing with a general big line bundle, let us consider the special 
case where L is ample. 

Theorem 4. Notation being as above (with X a complex projective manifold 
of dimension n ), assume again that the action of G on X is faithful and in 
addition that L is an ample G-line bundle on X . Then for every i = 1, . . . , c 
we have 

,,(L)=lim^,L«') = ^(L»). 

This is a special case of Theorem ^| (the case s = 0). We prove it separately 
because it is just what is needed from the positive case to prove Theorem 
[l] in full generality, and furthermore its proof also establishes, with minor 
modifications, Theorem 

Proof. Let h = hi be an hermitian metric on L such that the curvature form 
uj of the unique compatible covariant derivative Vl on L is Kahler. After 
averaging over G, we may assume that h,Vi and u are G-invariant. Thus to 
is a G-invariant Kahler form, inducing a G-invariant volume form dx on X. 
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Let L* = L~ x be the dual line bundle, with the induced heritian structure 
and connection, and consider the unit disc bundle L* D § -h> X . Let ia G 
figj(iR) be the connection form. Then dp =: ^7T*(dx) A a is a G-invariant 
volume form on S. For every integer k > 0, denote by 

P k : L 2 (§) -> S H\X,L m ) 

the orthogonal projection onto the space of boundary values of holomorphic 
functions in the fc-th isotype with respect to the ^-action. For each i = 
1, . . . , c, let 

P k4 :L 2 (S)^H k ,(S)^H^X,L^) 

denote the orthogonal component onto the i-th isotype of iifc(S) with respect 
to the G-action. Also, let Il k , Il ki G C°°(§ x S) be the Schwartz kernels of 
Ilfc and IL^j, respectively Clearly, 11^ = £\ U.^ and 



H°(X,A® k )= [ fL k ,i(p,p)dp. 



Now fljfc(p,p) and Yl k) i(p,p) descend to positive functions v k [x) and v k ^[x) 
on X IRZI, flFL Hence, 



n! /" 

i>i(L) = limsup — / u kii (x)dx. 

fc^oo ft Jl 



As in [Q, we decompose ^(x) as the sum of two terms, the first being a 
multiple of z/fc(x) and the second growing at most as /c*-™ -1 ^ 2 . More precisely, 
if Gx Q G is the stabilizer subgroup of x G X and p G § is any point lying 
over x, we have 



Here notation is as follows: \% '■ G — > C is the character of the irreducible 
representation Vi, a x : G x — > S 1 C C* is the unitary character describing the 
action of G x on L(x) (the fibre of L over sc), and (h, k) Gx = J2 g eG x fid) ' fc (fiO 
is the L 2 -hermitian product with respect to the counting measure on G x . 
Furthermore, there exists a > such that, setting d x = min{dist(x, gx) : g ^ 
G x }, the latter term is bounded above by Ck n e~ a "** ,dx (see section 6 of |C| ). 

If, in particular, G x = {e}, where e G G is the unit, the former term is 
(dim(Vi) 2 /|G|) • i>k(x). Let us now recall the following simple useful fact. 

Lemma 1. Suppose that the finite group G acts faithfully and holomorphi- 
cally on the connected projective manifold X . Then there is a nonempty 
Zariski dense open subset [/CI such that G x = {e} for every x G U . 
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Set Z = X \ U; thus Z is a proper algebraic subvariety of X of codi- 
mension, say, c. For e > let V e C X be the e-neighbourhood of Z in the 
geodesic distance associated to uj. Then V e has volume < Ce 2c , where C is a 
constant. On the other hand, by the above and the asymptotic expansion of 
Uk(x) in Theorem 1 of 0, n! k~ n v k ^{x) is in any event a bounded function. 
Therefore, 



k n 



v kji (x) dx 



x 



n ! 

k n 



/ v k ,i{x) dx 








—— [ v k Ax)dx 


>x\v e 





<Ce 



2c 



There exists 6 = 5 e > such that dist(x,gx) > S if x e X \V e and g ^ e. 
Hence 



TV. 



u k>i (x) dx - 



X\Ve 



Vk{x) dx 



x\v e 



< Ce 



Summing up, 



n\ f n\ dim(V^) 2 

t- / vuAx) ax — — ■ — — - — 
k n J x ,v 1 k n \G\ 



Vk(x) dx 



X 



< C(e 2c + e 



Since n\ k n J x Uk(x)dx — > vol(L) = (L n ), the statement follows by taking 
k > 1/e > 0. 

Remark 2. The asymptotic expansions used in the proof also hold in almost 
complex quantization RBU| , |^^| , 0, but the off-diagonal estimate on the 
/c-th Fourier coefficient of the Szego kernel from O has been proved only in 
the complex projective case. However, in the more general almost complex 
case we still have the estimate 

\M^V)\ < Cu k (x)e~ kd[st ^^ 2 + 0(k^ 2 ), 



from PU|| and ||SZ|| , which is still enough to prove the theorem. Furthermore, 
since G preserves the Riemannian structure on X associated to u and J, in 
place of Lemma [I] we may as well use Theorem 8.1 on page 213 of |J: the 
set of all x G X with non-trivial stabilizer is a finite collection of proper 
submanifolds (the action being faithful). The same argument, with minor 
changes, thus also proves Theorem ||. 



Lemma 2. In the same hypothesis, let A and B be G-line bundles on X, 
with A ample. Then H®(X, A® m ® B) ^ for every i — 1, . . . , c and m 3> 0. 

Proof. Let H be any ample G-line bundle on X. Then, perhaps after replac- 
ing H by H® k \ G \ for some fixed k ^> 0, we may assume that the linear series 
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\H°(X, H) g \ (corresponding to the subspace of G-invariant sections of H) is 
base point free. In fact, by [|P|], for any i — 1, . . . , c and k 3> the base locus 
of \Hf(X, H® k ) \ is contained in the locus {x e X : (a*, x«) G;c = 0} (notation 
here is as in the proof of Theorem [|, with L = H). If |G| divides k then 
(at*, Xi) = X] 9 6G^ Xi(flO> ^ ^ is the trivial representation this is 7^ 0. 

Let then Vj., . . . , V n -\ £ |-f^°(^, -f^) G | be general divisors; their complete 
intersection is a smooth G-invariant curve CCI. As A is ample, for m ^> 
the restriction 

#°(X, A 0m <g> B) — > H°(C, A® m ®B® O c ) 

is a surjective G-equivariant linear map. Hence for every i = 1, . . . , c we 
have surjective maps 



H°(X, A® m ®B) — ► #°(G, A 0m ® B ® O, 



On the other hand, A® m (g> B (g> Oc = W® dm , where W m is a line bundle of 
degree one on G (hence ample) and d m = m(A ■C) + (B • G). In other words, 
for m 3> and every % there are surjections 

H?(X, A® m ® B) — ► H?(C, W® dm ). 

Since Pic 1 (G) is compact, for any e > there is a uniform estimate 

for m > m e . This completes the proof. 

Lemma 3. Let X be a smooth complex projective n-fold, G a finite group 
acting holomorphically on X and L a big G-line bundle on X . Then for 
any G-line bundle H on X there exists itlq e N such that for every integer 
m > m and every % — 1, . . . , c we have 



v. 



(L 0m ® H- 1 ) > m n (vi(L) - e) . 



Proof. This extends to our setting Lemma 3.5 in | pEL| ], and the proof 
only requires some slight modifications to the argument given there. Fix 
i G {1, • • • , c} and e > 0. By definition, there is a sequence k v j +00 such 
that 

k n / p \ 

A°(X,L^)>^( Vi (L)-|). 
Fix m ^> and set l v = [— ] , r u = k u — l v m so that, in additive notation, 
£ u (mL — H) = k u L - (r u L + £ U H). 
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After replacing H by H <g> E for a suitably positive G-line bundle -E on 
X, we may suppose that if is a very ample G-line bundle. Furthermore, 
as in the proof of Lemma perhaps after replacing H by a suitably large 
tensor power of if®l G l, we may also assume that \H°(X, H) G \ is base point 
free. Choose a smooth divisor D G H) G \. Since D is a G-invariant 

submanifold of X, perhaps after a change of linearization we may also suppose 
that the bundle action of G on H is the natural action on Ox{D) induced 
by the action on k(X). Thus for every G-line bundle A on X we have a 
G-equivariant isomorphism 

H°(X, A{-D)) = H°(X, A®X D ) = H°{X, A ® H' 1 ), 

where X z C O x denotes the ideal sheaf of a closed subscheme Z C X. 
Furthermore, for every i — 1, . . . , c the short exact sequence of sheaves 

— ► A(-D) — > A — > A®O d — > 

induces an exact sequence 

- H?(X, A(-D)) -> H?{X, A) -> H®(D, A®O d ). (4) 

Finally, by the statement of Lemma [| we may also assume that 

\H°(X,H® b ® L~ r f \ ^0, 

for all integers < r < m - 1 and b > 1. If er G H°(X,H® m ® is 
non-zero, in additive notation tensor product by er determines injections 

i^(X,L® fc "(-(4 + m)D)) ^ H°(X,L M {-£ V D)) 

for every i/; therefore 

Hi(X,O x (£u(mL- H))) > H°(X,O x (k u L - (£„ + m)H)). 

Now we set A = L® kv (—jD) in 0), and proceed inductively as in loc. cit., 
Lemma 3.5. More precisely, for any s > the exact sequences 

^ L® fe "(-(j + l)D) -> L® k »{-jD) -> L® k »(-jD) ® C D -> 

for < j < s imply 

H°(X,L® k »{-sD)) >Hi(X,L® k »)- H^{D,L mv (-jD)®0 D ) 

0<j<s 

> H°(X,L® k ») -sH°(D,L m » ®O d )>^ (vi{L) - |j - 
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The statement follows as in |pEL|| by letting £ v ^> m ^> 1. 

In particular, if L is any big G-line bundle on X, for any e > there is 
niQ G N such that 

Vi(L) > m- n Vi(mL) > Vi(L) - e (5) 

for every integer m > mo- Unless Vi is the trivial representation, the spaces 
H®(X, L® k ) do not form a graded linear series. Therefore homogeneity of V{ 



does not follow directly from Lemma 3.4 of | ELN|| . 



Lemma 4. Let L be a nef and big G-line bundle on X. Then 

Vi(L ) = 



Proof. By the definition of v iy Vi(L) > v(L). Fix rational numbers e, 5 > 
and let A be an ample G-line bundle on X. Let r > be an integer such that 
rS G N. By choosing r sufficiently large and divisible, we may assume that 
there exists a G-invariant non-zero section a G H°(X,O x {r5A)) Tensor 
product by a determines for every i injective maps 

H?(X, O x (rL)) - tf°pT, O x (r(L + <L4)). 

Since L + <5v4 is ample, for r>0we have 

dim ^ )2 r"((L + <L4) n ) = ^(r(L + <L4)) > u,(rL) > r n { Vi {L) - e), 

and taking e and 5 arbitrarily small we conclude that 

^fV) > «,« 

for every z. Thus, since £V dim(Vi) 2 = |G|, 

i i 

This implies the statement. 

Lemma 5. Lei L be any big G-line bundle on X. Then Vi(L) > for every 
i = 1 c. 
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Proof. Fix m ^> with dim(f) m (X) = n, where 

is the rational map associated to the linear series |L® m |. Let ip : X' — > X be 
a G-equivariant resolution of singularities of |L® m | ||AW|| . Then 

\^(L® m )\ = \M\+F, 

where F is the fixed divisor of (L® m )\ and M is a base point free (hence 
nef) big G-line bundle on X'. For every k we have G-equivariant injective 
maps 

H°(X',M® k ) — > H°(X',tlj*(L® mk )) = H°(X,L® mk ). 

Therefore, Vi(L) > m~ n Vi(L® m ) > m~ n Vi(M) for every i. The statement 
then follows from the nef and big case of Lemma 

Lemma 6. Let L be a big G-line bundle on X. Then for every i = 1, . . . , c 
and every m ^> there exists D G \H®(X, L® m )\ which can be written as 
D = A + E , where A C X is a G-invariant ample divisor and E C X 
is an effective divisor such that Ox{E) is an effective G-line bundle with 
Ee\H°(X,O x (E))\. 

Proof. Fix a G-invariant very ample smooth divisor A C X and let a G 
H°(X, Ox{A)) G be a section with A = div(er). Consider the short exact 
sequence 

— ► H°(X,L® m {-A)) H°{X,L® m ) — ► H? t (A,L® m ®O a ). 

By Lemma |, H°(X,L® m ) = 0(m n ); since H°(A,L® m <g> O a ) < Cm 11 - 1 , we 
conclude that hlf(X, L® m {-A)) ^ for m > 0. 

By taking to be the trivial representation, we see in particular that 
there exists D G \L\ of the form D = A+E, where A and E are G-invariant Q- 
divisors, with A ample and E effective. If m G N is such that mA and mE are 
integral, we obtain G-invariant injections H°(X, Ox{mkA)) — > H°(X, L® km ) 
for every k, whence 

Vi(L) > m~ n Vi(L® m ) > m- n Vi(Ox{mA)) 

= m -^( M -) = ^(T). 

Similarly, of course, v(L) > (A n ). 

Theorem [I] is now a consequence of the following equivariant version of a 
Theorem of Fujita gETJ , 0. 
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Theorem 5. Let X be a smooth projective n-fold, G a finite group acting 
holomorphically and faithfully on X . Let L be a big G-line bundle on X. Fix 
e > 0. Then there exists a G-equivariant birational modification (depending 
on e) 

n-.x' — ► X 

and a decomposition n*(L) = E + A, where E and A are G-invariant Q- 
divisor on X' , with E effective and A ample, such that (A n ) > v(X,L) — e 
and^pl{A n )>v i {X,L)-e. 

Proof. By Fujita's Theorem, for every e > there exist a birational modi- 
fication fj, : X' — > X and a decomposition fi*(L) = A + E, with Q-divisors 
A and E, ample and effective respectively, such that (A n ) > v(X,L) — e. 
Thus, in order to ensure the second inequality for every i we need only give 
an equivariant version of the proof in (JDEEJ, Theorem 3.2. 

To this end, it suffices to produce for every e > a birational modification 
H : X' — ► X and a decomposition fi*(L) = A + E, where A and E are G- 
invariant Q-divisors on X', A is big and nef and E is effective, satisfying the 
stated numerical conditions. In fact, by Lemma [], A = A' + D, where A' 
and D are ample and effective G-invariant divisors, respectively. Therefore, 
for any 5 E Q+ we have A + E = A" + F, where A" = (1 - 5) A + 5 A' is 
ample, F = E + 5D is effective and ((A") n ) approximates {A 11 ) as closely as 
desired. 

Let B be a G-line bundle on X, so positive that R =: K x <8> B®( n+ ^ 
is very ample and H(X,R) G ^ {0} (Lemma |). Fix a non-zero section 
a E H(X,R) G and set M m = L® m ®R~ X . Then for m sufficiently large M m 
is a big G-line bundle and Uj(M TO ) > m n {vi(L) — e) (Lemma ||). Tensoring 
with a® 1 determines for every I > 1 and i — 1, . . . , c injective linear maps 

H° (X, Ox(M^)) — Ox(^ m )), 
whence i;j(L® m ) > t)(M m ). Summing up, 

m%(L) > t;,(L® m ) > t;,(M m ) > m"(^(L) - e). 



Let us now consider the asymptotic multiplier ideal flDEL 

J = J(X,\\M m \\). 

Then J = J(\\kM m \) = J{\b kMm ) for k > 0, where b kMm C Ox is the base 
ideal of the linear series |M® fc |. As M m is a G-line bundle, J is a G-invariant 



ideal sheaf. Let /i : X' — > X be a G-equivariant log-resolution of |AW 



so 



that /i*j7" = Ox'{—E m ) for some G-invariant effective divisor E m on X'. 
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Since 

L® m <g> J{ 1 1 M m 1 1 ) = M rn ® K x ® £®(" +1 > ® J{ 1 1 M n 



is globally generated by Theorem 1.8 of [ DEL , so is the G-line bundle A m =: 
fM*(L® m )(-E m ) onX'. 

Since all the sheaves involved are G-sheaves and a and E m are G-invariant, 
using Theorem 1.8 (iii) of loc. cit., subadditivity and tensor product by cr® £ 
we have a chain of G-equivariant inclusions 

H°(X,M® e ) S H°(X,M® e ® J{\\M®%) CH°{X,M® e ®J £ ) 
C L® m ^ ® J*) C L® me (-£E m )) = tf Q (X', A®*). 

Thus v4 m is a nef and big G-line bundle on X'\ we have 

{A n J = v(X', A m ) > v(X, M m ) > m n (v(L) - e) 

and 

^^l(A n J = Vi {X\A m ) > t;,(X,M m ) > m n ( Vl (L) - e) 

for every i = 1, . . . , c. Now we are done: we need only choose some D m G 
\H(X', A m ) G \ and set A = ±D m , E = ±E m . 



3 Proof of Theorem 3. 

By theorem 8.1 on page 213 of ||, V is a union of submanifolds. If H C X is 
a subgroup and Vg C X is the submanifold of the points fixed by H, around 
any p G Vr there are local coordinates in terms of which every g G H is a 
linear transformation, and therefore V# is a linear subspace. Therefore, H 
acts freely on the unit sphere bundle of the normal bundle of Vh, and this 
implies that there is a > such that dist(gx,x) > adist(x, Vh), for any x 
sufficiently close to Vjj and every g G H \ {e}. It follows, in the notation of 
the Theorem, that there exists a > such that if x G" V e for sufficiently small 
e > 0, then dist(gx,x) > ae for g ^ e (e is the neutral element of G). The 
constants involved in the coming estimates will be allowed to vary from line 
to line without mention. 

In view of the above and the off-diagonal estimate on the Szego kernel 
discussed in section 6 of 0, if x ^ V e and g ^ e then 

\U k (gx,x)\ < Ck n e~ aVlt . 
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Arguing as in the proof of Theorem |1|, we have the following estimates: 
»?<X,L«) - » ftW ')| = ^ ( M ,) - SgfUw) <«x 



dim(V r i ) 2 
ffc.iW n^i — ffc(z) 



dx + 



dim(V-) 2 
^A 1 ) |£j — 

Cfc n (e 2c + e ~ a ^ e ) 



If now a G (~, 1) and e = k a / 2 , we have fc n (e 2c + e av ^ e ) = o(A; n s ) as 
k — > oo. 
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